Spin density matrices of the system, containing arbitrary even number N of indistinguishable fermions with spin S = 1/2, described by antisymmetric wave function, have been calculated. The indistinguishability and the Pauli principles are proved to determine uniquely spin states, spin correlations and entanglement of fermion spin states. Increase of the particle number in the multifermion system reduces the spin correlation in any pair of fermions. The fully entangled system of N electrons are shown to be composed by pairs with nonentangled spin states that is the incoherent superposition of the singlet and triplet states. Any large system of N fermions, such as electrons with spin S = 1/2, the spin state of any particle are shown to be entangled with the other part of the system containing N-1 particle. However, the spin state of this electron is not entangled with any other particle, and spin state of any electron pair is not entangled. These properties of spin states manifest in the Einstein-Podolsky-Rosen as confirmation or violation of the Bell inequalities indicating the presence of non-local quantum spin correlations.
I. INTRODUCTION
The fundamental property of fermions the spin S =1/2 as well as the charge determines both individual and collective properties, for example, the symmetry of multifermion wave functions and statistical properties of ensembles. The indistinguishability principle applied for bosons leads to the Pauli's principle and the main property of multifermion wavefunctions antisymmetry. Any antisymmetric wave function is known can be presented as the sum of Slater's determinants of one fermion functions. The problem of entanglement in multifermion systems attracted a lot of attention during last decades and was the main aim of many investigations [1] [2] [3] . Possible applications of electron spin as the information carrier in spintronics [4] , quantum computing and quantum cryptography require the knowledge of spin states of multifermion systems such as electrons in semiconductors, superconductors, spin liquids, etc. [5] [6] [7] . However, for using of the electron spin as the quantum information carrier, it should be extracted from an ensemble of indistinguishable particles. If the extraction process is fast enough, then the electron spin has no time to change its spin state, and therefore saves the memory about its presence in the large ensemble. Thus, the knowledge of multispin states and their properties, such as spin correlations and spin entanglement is needed for above mentioned applications. The entanglement is the important characteristics of quantum states, that is needed for algorithms of quantum calculations and protocols of quantum cryptography. These facts have determined, on one hand, active theoretical investigations of entanglement, and, on the other, underestimation of the importance of entanglement for descriptions of real physical systems * arifullinm@mail.ru † bvl@unpk.osu.ru and processes. The physical meaning of quantum state entanglement is followed from the main property of the density matrix of entangled systems [8] 
here ρ A and ρ B are density matrices of subsystems A and B. This inequality means that density matrix ρ AB of united system can not be obtained as the sum of direct production of density matrices ρ A and ρ B . Therefore, the full system cannot be created as simple unification of independent physical subsystems. However, if the complex system can be created by unification of independent subsystems, then it is nonentangled. Thus, entangled systems creation needs specific selection rules, that manage control physical processes leading to entangled complex systems. The example of such selection rules are spin selection rules that determine formation of singlet (entangled) particles from precursors having noncorrelated electron spins [9] .
The classical examples of entangled states are Bell's biparticle states [10] . A lot of treatises have been devoted to investigation of entangled states, but most of them considered simple two spin models [11] ; the number of known three spin models is limited. Besides, the entanglement in multispin systems is approximately unknown yet in spite of the fact that multifermion entanglement can play the important role in condensed matter physics [12] .
Information meaning of quantum state entanglement is known and described well in scientific literature [13, 14] . However, the problem of entanglement genesis did not attract a lot of attention. Moreover, this problem did not appear in most treatises where different kinds of entanglement were studied. As main sources of entanglement the Quolomb or exchange interactions were thought or implicated [15, 16] . Strictly speaking, the exchange interaction arises in the case of space overlapping of fermion wave functions, and manifestations of exchange interactions are followed from the Pauli's principle which requires the antisymmetry of fermion wave functions Ψ. As the result of numerous theoretical investigation the common opinion insists that the antisymmetric wavefunctions which can be presented by Slater determinants rank 1 describe nonentangled (separate) state. For example, a pure state of two fermions presented as the Slater's determinant
(|ϕ 1 (i) and |ϕ 2 (i) are orthogonal single particle states) is thought to be nonentangled. However, if one considers one fermion wavefunctions as the production of space and spin parts, e.g. |ϕ i (1) = φ (r i ) |s , the Slater's determinant takes the well known form
here |α i and |β i -the projection of the spin S = 1/2 on the axis OZ. The spin subsystem is evident to be in the singlet state |S 12 = (2) −1/2 |α 1 β 2 − β 1 α 2 , which is classic example of the entangled Bell's state. This simple example proves that the entanglement properties of subsystems can differ than ones of a whole system, and spin subsystems of indistinguishable fermions require separate consideration, as their properties do not follow automatically from the properties of the complete system. Aims of this work are to calculate fermion multispin density matrices in forms which allow generalization for all kinds of fermions having spin S=1/2, to study properties of these density matrices and described spin states including spin correlations and entanglement in multifermion systems.
II. MULTIFERMION SPIN STATES
The comprehensive description of multifermion systems requires generally the knowledge of wave function Ψ, which depends on all independent coordinates of the system. However, to describe physical states and properties of the spin subsystem the spin density matrix is needed only [17, 18] . It is shown below that for calculation of the spin density matrix the main property of the wave function Ψ -antisymmetry -is necessary only. Any antisymmetric wave function is known to be presented as the superposition of Slater's determinants composed of wave functions, which depend on space and spin variables of all N indistinguishable particles. However, for the sake of simplicity we will suppose that the one determinant wave function is enough to describe the whole fermion system. For N fermions with spin S =1/2 occupying N/2 lowest states (wave functions are ψ 1 (r, s),ψ 2 (r, s),. . . ψ N/2 (r, s)) the Slater's determinant is
here ψ i (r, s) = ϕ i (r j )|s j (ϕ i (r)-describes the space part, and |s j -the spin part of the wavefunction). Spin density matrixρ N describing spin properties can be calculated from ρ = |Ψ (r j , s j ) Ψ (r j , s j )| by taking trace over all space coordinates and space wavefunctions ϕ i (r) of the whole system
here Φ k (r i )|-are direct productions of space wave functions ϕ i (r) describing all possible transpositions of fermions. Calculation of the trace Trϕ assumes the orthogonality of space wavefunctions ϕ i (r). After calculation of the Slater's determinant by the Laplase method and taking trace over space wavefunctions the reduced spin density matrix ρ N can be presented as the sum of nonorthogonal projection operators onto multispin singlet states, and for the system of N fermion spins is
The sum in equation (4) includes all possible placements of N fermions on N/2 two-particle singlet spin states
Operator P means permutations of fermion spins on all pair singlet states. The number of these summands is 2 −N/2 N !/(N/2)!, and is equal to the number of the Rumer's fermion pairings [19] . The expression (4) presents the spin density matrix ρ N of the multifermion system. It does not depend on concrete space wavefunctions ϕ i (r i ). The density matrix ρ N is evidently to be determined by the indistinguishability of quantum particle and the Pauli's principle.
The presentation of the spin density matrix ρ N as the sum of nonorthogonal projection operators makes evident it's symmetry under any transpositions of fermions or their spins. Transpositions of two spins inside separated singlet state change the sign of the spin vector |S ij = 2 −1/2 |α i β j − β i α j , but does not change the sign of their tensor production |S ij S ij |. Transpositions of spins from one singlet state to another one are equivalent to transpositions of projection operators, and do not change the spin density matrix (4) as a whole. As far as any pair spin states are invariant under any rotations, then the whole spin density matrix ρ N is invariant under rotations too. Thus, the symmetric spin density matrix ρ N is shown can be calculated if the antisymmetric wavefunction Ψ (r, s) is known.
A. Spin state of four fermion system
The four fermion system is the simplest nontrivial system which can be used to illustrate main properties of more complex systems. The spin density matrix ρ 4 can be calculated directly from the wavefunction presented as the Slater's determinant without using the formula (4), and after some transformations it takes the form:
here the density matrix operator ρ 4 is presented as the sum of three projection operators on singlet spin states |S ij S kl . For the four-spin system the scalar products of vectors |S ij S kl are:
As far as these vectors describe nonorthogonal spin states, the density matrix in formulae (5) is presented as the sum of 3 non-orthogonal projection operators
Non-orthogonal spin vectors are linearly dependent; and any vector can be presented as the superposition of two others. This means that they belong to the two-dimensional subspace of the full 16-dimentional spin space (the dimension of the space is 24 = 16) and can be presented as usual vectors on the plane.
Another form of the spin density matrix operator can be obtained by introducing the other set of vectors:
Direct calculation shows that the spin vector |4 is normalized and orthogonal to the vector |1 = |S 12 S 34 . This new set of vectors allows presentation of the spin density matrix ρ 4 in the orthogonal basis as:
Equality (6) makes it evident that ρ 4 is proportional to the two-dimensional identity matrix I in the subspace of four spin singlet states. It is convenient to present the vector |4 as
here |T ±,0 -vectors of the pair triplet states
The density matrix (6) describes the simple noncoherent superposition of two four-spin states, whose total spins are S = 0. Expression (6) allows to calculate easily the value of the von Neumann entropy S = −T r (ρ ln ρ), which is used often for estimations of the entanglement. Simple calculations shows that S 4 = ln 2.
Multiplication of the equation (6) by 2 gives the twodimensional identity operator I in the right part. This operator is also the projection operator onto the twodimensional singlet subspace. As far as equalities (5) and (6) describe the same operator, so the projection operator P 0 on the two-dimensional subspace can be represented as the sum of non-orthogonal projection operators
This expression could be very useful for analysis of spin effects in multispin systems, because it can describe easily multispin selection rules that operate inevitably in many physical and chemical processes and reactions. This presentation of the projection operator can be generalized easily to more complex cases of multispin singlet states.
B. The spin density matrix of two fermion subsystems
Spin systems of two fermions, for example, two electrons are most studied objects in the theory of quantum entanglement. Theoretical investigations of such twospin models had been appeared very heuristic for producing new ideas and conceptions. However, the number of the "pure" two-spin systems is not so much: the helium atom, the hydrogen molecule, and the deuteron nuclei. In all other cases any two-fermion system, for example, the two electron system, should either be extracted from large system or should be considered as the subsystem of many-electron system. In both cases it is necessary to know, firstly, the spin states of the real two-electron systems, extracted from the large "mother system", and, secondly, to know their difference from properties of the "ideal" and the well-studied two-spin system.
Below we consider the two-spin system, which was initially part of large ensemble of indistinguishable fermions and then was extracted from this ensemble. The ensemble is supposed to be in the ground state and is described by the density matrix (4). According to the basic concepts of quantum mechanics, to describe all properties of the two-spin subsystem it will be enough to know the reduced two-spin density matrix ρ 12 . This matrix can be calculated as the trace of ρ N over spin variables of all "extra" particles.
As far as all the particles are indistinguishable and equivalent all particles having numbers N >2 will be considered as extra ones. To calculate ρ 12 the spin density matrix ρ N should be presented as the sum of two polynomials: the first one includes only the terms with operators |S 12 S 12 | (two spins belong to the same singlet state), and the second -only terms with operators |S 1k S 2l S 1k S 2l | where spins S 1 and S 2 belong to different singlet pairs. The number of summands in the first polynomial can be easily determined by usual combinatorial rules, and their number is
After calculation of the trace all summands of the first polynomial give the following term in desired density matrix ρ12
The numbers of summands in the second polynomial can be found in similar way, and the result is
Calculation of the trace for summands of the second polynomial allows to find other terms of density matrix ρ 
Combining formulas (9) and (10) one can obtain finally the density matrix ρ 12 that describes the incoherent superposition of the singlet and triplet states of two fermion system included in or extracted from the N-femion system.
The ratio of singlet and triplet states is dependent on the total number of fermions N. The only system of two electrons (N = 2) can be in the pure singlet state, and described by the density matrix ρ = |S 12 S 12 |. In all other cases (even N > 2) any subsystem of two indistinguishable fermions will be in the spin state, which is noncoherent superposition of the singlet and triplet states.
The spin density matrix (9) can be used for calculations of correlation coefficients r for two spins S = 1/2 in ensembles of any even numbers of fermions.
here S i = S(S + 1) = 3 1/2 /2. The sign "minus" means, that the probability to find antiparallel orientations of fermion spins is always larger than the probability of the parallel orientation. Generally, the correlation coefficient r depends on the number of spins in ensembles only, it is maximal for two fermions (N = 2), and is minimal if N → ∞.
In the infinitely large system (N → ∞) the spin state of the two-fermion subsystem is described by the density matrix This state is evident to be the noncoherent superposition of the spin states of two independent non-polarized fermions. Consequently, the increase of particle number in the multifermion system reduces correlation between spins of any fermion pair, and these correlations are absent if N → ∞.
At the end of this section it is useful to note that the state of two-spin system is determined by the foursubsystem density matrix 
This spin density matrix is known [20] to describe the unentangled state as far as it can be presented as the sum of direct productions of single-spin density matrices.
III. THE ENTANGLEMENT OF MULTISPIN FERMION STATES
Multifermion spin systems, which are described by the operator of the spin density matrix (4), can be separated into two or more subsystems. Subsystems can have arbitrary dimensions, but their total dimension should be equal to the dimension of the initial system. As examples of such separation can be mention different spontaneous decays of atomic nuclei, the processes of photoionization, transfer of electrons from the valence band into the conductivity one, etc. So the question arises are spin systems of reaction products entangled or not? For example, for the semiconductor spintronics it is important to know are spin states of conductivity electrons entangled and are their spin states entangled with spin states of electrons which are left in the valence band? Can such entanglement of spin states be determined by common genesis from valence band electrons?
The convenient criterion of entanglement is the PeresHorodecki criterion [21, 22] , which establishes connection between entanglement of subsystems A and B and presence of negative eigenvalues λ i for partially transposed density matrices ρ TB (AB). According to this criterion, for two subsystems A and B be entangled, it is necessary and sufficient that the partially transposed matrix ρ TB (AB) should has, at least, one negative eigenvalue λ i . However, the presence of negative eigenvalues is equivalent to the statement that ρ TB is no longer the density matrix which should be nonnegative. Therefore, for entangled states the partial transposition operation of the density matrix can not correspond to any real physical process.
The Peres-Horodecki criterion has appeared to be very convenient for the analysis of simple systems. For example, for the four-spin system, described by the spin density matrix (5), the partially transposed density matrix has few negative eigenvalues among all possible λ i = (1/2, 1/6, 1/6, 1/6, 1/6, 1/6, 1/6, −1/6, −1/6, −1/6). So, the entanglement measure E, determined in accordance with [23, 24] as the doubled sum of negative eigenvalues λ i , is
This result means that for the four-spin system the entanglement between two-spin subsystems is maximal one, similar to the entanglement between two spins in Bell's singlet state.
However, the Peres-Horodecki criterion is hardly applied for investigation of large systems described by density matrices of higher dimensions [25] , as far as analytical calculations of eigenvalues are impossible. Therefore, for studying of entanglement in large systems, similar to spin systems of multifermion systems, another criterions are needed. The existence of negative eigenvalues for partly transposed matrices ρ TB (AB) is equivalent to violation of the matrix nonegativity condition: for entangled systems the matrix ρ TB (AB) is not the positively defined matrix. Therefore, to prove the existence of entanglement between large multispin subsystems it is sufficient to prove violation of the positivity of the matrix ρ TB (AB) . It can be done by using, for example, the Sylvester criterion [26] . Among the different definitions of the Sylvester criterion the most efficient is the requirement of non-negativity of all principal minors of the matrix, for example, the principal minors of the second order
To prove violation of the Sylvester criterion for matrix ρ TB it is convenient to present the original density matrix ρ(AB) (4) in the multiplicative basis as the block matrix ρ(S z , S ′ z ), where S z and S ′ z -are projections of all possible multiplicative spin states of the complete system. Obviously, the only non-zero block of such "extended" density matrix ρ(S z , S ′ z ) is the block corresponding to S z = 0 and
Multiplicative basis is set of orthogonal basis vectors |i and |j , each of them is the direct product of individual spin vectors |↑ or |↓ . Simultaneously, any vectors |i and |j can be presented as multiplicative spin vectors of the subsystems A and B If S z (l B ) = S z (k B )and both S z (l B ), S z (k B ) = 0, then the partial transposition |l B ↔ |k B changes the spin state and spin projection S z as far as
This fact can be easily illustrated by the six spin system (N = 6). The total spin for both new states is S = 3 and spin projections are S z = ±3. As the result, the partial transposition |l B ⇔ |k B transfers none-zero off-diagonal matrix elements
. However, the partial transposition |l B ⇔ |k B does not change diagonal elements 
So, it is not the positively defined matrix, and has, at least, one negative eigenvalue λ. This fact proves that in accordance with the Peres-Horodecki criterion the initial spin density matrix ρ N (4) describes the entangled spin states of indistinguishable fermions, and the entanglement exists between all spin subsystems.
IV. MANIFESTATIONS OF QUANTUM CORRELATIONS OF MULTISPIN ENTANGLED STATES
Physical properties of multispin states of the indistinguishable fermions, such as electrons, described by the density matrix ρ N , allow to predict results of experiments (hypothetical, at least) which are interest both for the general theory of entanglement, and for quantum informatics. The thought EP R experiment of Einstein, Podolsky and Rosen [27] is the example of such experiments. The theoretical analysis of this and similar experiments had been often used for investigations of fundamental problems of quantum mechanics, and, in particular, for verifying the Bell's inequalities [28] . These inequalities describe correlations of some normalized physical parameters Q and R obtained by the observer A, and parameters S and T obtained by the another observer B during studying decay of some physical system. In general, the Bell inequality are written as follows
here QS and similar ones are average values of products Q, S, R, T and others
here ρ is the density matrix of a system. Violation of Bell's inequality obtained for some parameters means that the system has non-local correlations, indicating the presence of entanglement. Following to the scheme of the experiment described in [29] , we consider the following situation. The ensemble of N fermions looses one of indistinguishable particles so quickly that the spin has no time to be changed. The spin state of the single fermion is analyzed by the observer A (Alice) by two devices Q and R (for example, Mott cells). The spin state of the rest of the composite (N -1)-particle is detected by the another observer B (Bob) by devices S and T .
Devices Q, R, S, and T are assumed to measure doubled spin projections on different axises, whose operators are
here σ After substituting operators Q, R, S and T and the spin density matrix ρ N in the left part of the formula (15) one can obtain
As far as products of two operators σ are used only in the right part of the formula (16) , and all fermions are equivalent ones, the reduced two particle spin density matrix ρ 1i (9) can be used instead of the multifermion density matrix ρ N (4). Thus,
and the Bell's inequality takes the form
This result proves the violation of Bell's inequality for the case of the multifermion system decay. Moreover, the violation of the Bell's inequalities does not depend on the number N of fermions, and the multifermion singlet system is similar to the two spin one.
This result could be expected from the physical point of view: the disintegration of the complex singlet particle into two fragments with spin S = 1/2 is similar to the disintegration of the two-electron system. However, the important difference between these systems (two-spin and multispin ones) should be noted here: in both cases the systems are entangled, but in the multifermion system the extracted fermion spin is entangled with the whole (N -1)-fermion system, but is not entangled with any other fermion spin, which is left in the (N -1)-fermion system. The considered case of the multifermion system is the example how nonentangled particles can be united in the whole entangled system.
V. CONCLUSIONS
The principle of indistinguishability of particles and the Pauli's principle are proved to determine spin states of fermions uniquely, their spin correlations and entanglements of their spin states. If N -odd fermion ensemble is in the ground state, then spin subsystems are described by density matrixes, which could be presented as sums of non-orthogonal projection operators for all possible multispin singlet states. Such presentations of spin density matrices are equivalent to the nonorthogonal decompositions of unity operators.
Multifermion systems following the Pauli's principle are shown to have entangled spin subsystems. To prove the spin entanglement in large systems the Sylvester's criterion of the matrix nonegativity has been shown to be more convenient than the another ones as far as it does not demand calculations of eigenvalues of large partly transposed matrices. Large fermion spin systems have shown can have nonentangled subsystems: for example, the 4-fermion system has partly entangled 3-spin subsystems and nonentanged 2-spin subsystems. Due to the Pauli's principle the spin state of any two-fermion subsystem of large ensembles can be the noncoherent mixture of triplet and singlet states only. The supposed existence of pure singlet fermion subsystems are proved to be in contradiction with the Pauli's principle.
For multispin fermion ensembles the analog of the Einstein-Podolsky-Rosen experiment was analyzed in details, and the violation of the Bell's inequality was proved. Thus, the entanglement of the single fermion spin with the whole N -1-fermion spin system was confirmed. However, in the large initial ensemble any two fermion spins were nonentangled.
